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Typos

Pg. 110, un-numbered equation near top of pageBbhegmann constark should be in the denominator of the quantities
in the middle and on the RHS.

Mid page 112, line below (9.11). at end of line change “and*dd’.

Chap 9 Preliminaries

By this time in your physics career, you are prépaetting somewhat used to transforming from ooerdinate
system to another in order to facilitate analy$his chapter offers a veritable blizzard of su@nsformations, one after
the other. I'm afraid you will just have to sefiifeand get used to it. With the right frame of migdu may, in time, even
become comfortable with it.

Oveview of chapter

Section 9.1 Hawking Radiation without thermodynasnic
First part: Heuristic look at Hawking radiation

Sect 9.1.1: Classical Schwarzchild solution to blholes in 2D in 3 different coordinate systemsspherical
coords, ii) special (tortoise, by name) coords wattlial coord”, and iii) tortoise light cone coords and ¥

Sect 9.1.2: Still classical in 2D with yet otheffelient coordinate systems: iv) Kruskal-Szekergstlicone
coords,u andyv, v) special timelikel and spacelik® coords (which are unbounded), and vi) boundeddsor

%, andv related to light cone coords, and vii) boundedrdes and y, which are time like and spacelike.

Sect 9.1.3: Quantizing the classical Schwarzchdld fof prior sections and seeing how Hawking radiacomes
out.

Section 9.2 Thermodynamics of black holes

Sect 9.2.1. Black hole thermodynamics laws

9.1 Hawking radiation

Several statements in the first paragraph of thisiean are made without supplying support for th&r. example,
“for a rotating black hole there exist negativegyestates outside its horizon”. And later, “a motating black hole has
no negative energy states outside its horizonydif have not seen the formal analysis for the §itatement, just accept it
for now. Regarding the second statement, see tperktix herein.

Additionally, the virtual particle/antiparticle paproduction discussed has some issues associateditwas
discussed in Chap. 10 of Klauber. And M&W warn tbader in the second paragraph on page 110, teéitesshould not
take these arguments too seriously. But, they eimabit as a lead-in to the real mathematicsruktiie Hawking effect.

One key point in that discussion is that negatinergy states can existside the black hole, with positive states
outside. So the presumed particle pairs near thedmowould have a negative state inside the harizdhich could not
escape since it is inside, but a positive statsideit which can (but not necessarily would) escéfieen the positive state
outside does escape, it is Hawking radiation eastlin this heuristic model.

Top of pg 110
The de Broglie relations, with de Broglie waveldngt are
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For massless particles like photons and for magsivéicles at very high energy (close to light speed),

E = hw= hf :% (massless particlgs Ezg: ( massive particlessay wigh energigs. 2
At the black hole event horizm@, where
2GM
ry = , 3
=72 ©
(2) becomes
for Azry E:msm::h—é. (4)
A 1y 2GM

From the Boltzmann relatioB = kT we find the relation near the top of M&W pg. 1Mhere M&W left out the
Boltzmann constank, which ultimately is OK since their relation islgra proportionality, but which could lead to
confusion),

3 3

T= _he he (5)
2kGM GM

9.1.1 Schwar zschild solution

Comment on (9.1)

Note that in general relativity, units are oftekeia whereG = 1 dimensionless, similar to what one does in @#T
natural units, where =% = 1 dimensionless. Thus in M&W (9.1),

S (natural units plu& = )1 - ZCEM ( MKS uni}s= —22x ( Newtoniantpntial) . (6)
r cr c
Deducing (9.3)
To prove (9.3), start with (9.3) in and deduce the un-numbered equation definitiair'cdt the bottom of pg. 110.
r () =r - 4 Jn (}—1} M&W (9.3). 7)
9
dr =dr —0+ry ———d [L—lJ —dr +—2dr =dr| 1+
) g L L
g g Mg
rL ~1+1 (8)
=dr| -2 =dr 1 Relation at bottom of pg. 110.
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Note on (9.5) tortoise lightcone coordinates

The expression far* will be needed later.

2 2.2 _ C2h2

2
22 E +m?ct= [1+ r'nzh(f/l J At high energies (momenta),- O.

! Fromp“p, = m"c", —2—p2 =m2c?, and E? =
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Note also
r(r*)=r (?j . (10)

Finding (9.6)

This parallels the derivation of Klauber, M&W Ch@&pNotes on the Unruh effect, equations (3) to \Widh r* here
in place ofx there. Simply finddt anddr* from (10) and plug into M&W (9.4) to get (9.6),

=

dszz[l— g ]d‘ud\ M&W (9.6). (11)

r(a,9)
9.1.2 Kruskal-Szeker es coor dinates
First equation in section

To find the first (unlabeled) equation in this sewt start with the RHS of the relation itself amgk the™* relation on
the RHS of (9) along with (9.3) [our (7)].

r=rg+gln [r—l]
50 e () e U )
r_ge g 2rg =I’_g rg) Lrg =r_g Mg Mg =r_g Mg reg e g
r r r r (12)
In| L-1
g L (% fg| r Iy
=—¢ =—| —-1|=1-—= = LHS of unlabeled eq on pg. 111.
r r{rg r
Range of Kruskal-Szekeres ligthcone coords
Note —wo <u< 0 and 0 « <o, as defined in (9.8).
Finding (9.9)
To find (9.9), start with the RHS of (9.9) and shibvequals (9.7). The only part that is differeetween (9.9) and
i v
(9.7) isdudvin (9.9), which we need to show equaled™ e’ dudh of (9.7). From (9.8), we findu anddv.
_d v
u=-2rse & V=21 e M&W (9.8). (13)
o @ A2 v
du=-2, SR R d=2yg W g - vk (14)
2ry i
Substituting (14) into (9.9)
ry (-
ds*=-2 d177%) Gy M&S (9.9) (15)

yields (9.7).

Extending range af andv

We can simply choose to extend the range of Krustiatdinatess andv so they range from e to + 0. Then they
will also cover the interior of the black hole.



Finding Relation (9.10)
From (9.8) [our (13)], then using (12),

r=rg+gln [r——lj
0 v U " 9 r_ I
=—2pe a2’ =—age? =-4@&s =14 s =-4 églﬂgm(fg l]
uv=-2re e =-4ge"? =-4¢gév=-4fe =-4¢ (16)
LI T (L} T
— 2.1g Iy _ 2 1g r
=-4rge? e =-45e —-1 M&W (9.10).
fg
Finding Relation (9.11)
From (9.8) and the last relation in (9), one gét&X).
Figure 9.1 with comments
T=+|RP-4¢ /e path of object falling
BH center t=+o0 ,u=0, into BH crosses constant
r=0 r=rg r lines ad increases t= 400
gg \@ - \ ......... }' , N N0 ] >/
. . B \ s T°-R =const . .
- - /nside @\ constr lines r
v B A1ty A £ :>8
T -
< R T BR R = R
%Eﬁ& i ~ @i?g g - -
V=Vy . by ] = e
N v=vg i ~ r2>ry / N ~_— <0
- g , . o %‘%&E S, ¢ y ]
--‘.,‘_N%g y ,“""' /‘\“g’é &/ - /w.,\“‘
L k- i t

“object at fixed
position outside BH t=-00 ,v =0,
follows constant r=rtg
line thru time

Figure 1. M&W Fig. 9.1 (reproduced 3 times) with Comments’

diagonal lines are
lines of constant

Note that in the RHS of Fig. 1, the path of an obfalling into the black hole takes an infinite amnt of timet to

reach and pass over the horizom atrg, although a finite amount of the Kruskal timeli@ordinateT. t, of course, is the
time that would pass on physical clocks of obseratrinfinity. So, essentially, if we were to obsera particle falling
into a distant black hole, it would seem to usaketforever (literally) to do so. To determine thme passing on the

particle itself (particle’s proper timg, consider M&W (9.9) [our (15)] with - rg.

ds® = &r? ~ dudv (approaching BH horizorg) . (17)
From M&W (9.12),
U=T-R  Vv=T+F M&W (9.12), (18)
we have du=dT-dR d= dF dR - dudv &+ 4, (19)
and from (17),
dr2=dT2-dR - d=y dP- dB close to horizon. (20)

% Take care when consulting other texts, such asdfjsThorne, and WheeleiGravitation (pg. 835) or J.B. Hartle'Sravity: An
Introduction to Einstein’s General Relativifgg. 271), on Kruskal-Szekeres coordinates. Thesdexts, and probably others, use
andv for what M&W designate aR andT. M&W useu andv as light cone coordinates at°4gles to what these other texts label as
u andv axes.
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The integral of path length of a particle closdahe horizon in a Kruskal-Szekeres diagram, via,(jhe proper
time on the particle.
More generally, at any distance from the black hl&W (9.9) [our (15)], along with the LHS of (199ives us

d2 = dr2="9 {77%) qugele @) ( gt- . anywhere (21)
r r
The integral of (21) on a path R (Kruskal-Szekeres) space will be finite for allSo the particle falling in, from its

point of view, does so in finite time.

Note further that Fig. 1 represents only the radigdctionr in physical space, so the particle trajectory shesfor
a particle falling straight in along a radial lifearticles in orbit or passing by the black holaiourved trajectory cannot
be represented in the 2D (time plus one space dim@nof Fig. 1.

Finding (9.13)
From (9.12) [our (18)],
uv=T2- R. (22)
Using (9.10) withr = 0 and (22), one gets (9.13).

Note on lower part of pg. 113

Given the form of M&W (9.11), the sign orlu can be positive or negative for a given valud.dNith an eye
towards thas andv axes of the LHS of our Fig. 1, this means we dahggiven constaritline on the LHS of the vertical
axis in either of the two ways shown below in Rig(LHS vs middle). M&W chose the middle way in F&.and by
doing so, both andT increase in the vertical direction, anywhere anitot.

path of_object path of object
moving moving
toward BH toward BH
G N G S
.................................. i ., e
- i
ﬁ t>0~§2&2& . q‘ t>0
=
|
— g R
0/ t<
% -
y . t<0

- 4 = Rt J: L aseme T y R -
@,"‘ m..\ﬁ% i@‘ 4 ~.«.,Nﬁ%
" path of object path of object™-

moving away moving away

from WH from WH

One way to interpret constant Another way used by M&W Interpretation of BH and WH

lines on LHS of diagram with way used by M&W

Figure 2. Optionson Constant t Linesin M& W Fig. 9.1 and Resulting
Interpretation for Black Holes and White Holes

Thus, the statements in this paragraph regardisggral future apply to either real timer Kruskal timeT.

On the RHS of Fig. 2, we show that paths of typitaé falling particles in spacetime as seen onkheskal-
Szekeres plot. Note that as time increases, theromst particles shown move closer to the black (eialler values
as seen in the middle part of Fig. 1, approachiregit= 0 line on the right and the= 0 line on the left). Particles in the



6

lower part of the figure behave in the same manmdrthis effectively means they are free fallivgagt from thev = 0
axis on the right and the = 0 axis on the left. Hence (I believe this is WN&W mean), one could interpret the two
lower regions near the= 0 line on the RHS and the=0 on the LHS as white holes (particles repeltedhfthem rather
than attracted to them.)

However, we generally stick to regiohandll (see region numbering in LHS of Fig. 1 and M&W .Fgl), as they
cover everything for a black hole in our universe.

Deriving (9.15)
To get (9.15), start with (9.9) [our (15)]. Thempeessing (9.14) slightly differently,
tanx=u taw=v M&S (9.14) rearranged (23)
1
du= d dv=——d. 24
s @9

Using (24) in (9.9) [our (15)], we have

e :rTg él‘“”g)m G o M&S (9.15). (25)

Null geodesics

For null geodesicsis? = 0. In inertial frames using Minkowski coordinstewull geodesics mean (2 dimensions
suppressedis? = dt? —dx? =0 - dt=+dx Thatis, a null geodesic is a straight line &t @3gle to both theandx
axes. Since, in natural units, the speed of layhtl, and on a null geodesi/dt= £1, null geodesics represent the path
of light through spacetime. With one more spatiaighsion, one gets the “light cone” with the tiptbe origin.

The question arises as to what a null geodesicdMook like in the Kruskal-Szekeres coordinatedafw Fig. 9.1
[our Fig. 1]. To answer, note from M&W (9.9) [oury)], that

d=0 if du=0 or dw0 (ie, uor\= constaj. (26)

That is, lines ofi or v = constant represent null geodesics, the patiglf. IFrom the LHS of our Fig. 1, we can see
that null geodesics in a Kruskal-Szekeres coordida&gram make 4%ngles to both th€ andR axes.

This tends to make life easier, as we can consigeldines as null geodesics in both Minkowski and Kals
Szekeres coordinate spacetime plots. It also miilezssier to track causality, because any evemt Kruskal-Szekeres
plot in a can only affect another event if the setevent is inside the light cone of the first eévgust like in Minkowski
space plots).

Question/problem: Are null geodesics in Schwarztbdordinatet(vsr) plots at 48 angles to the horizontal and vertical
axes? Consider M&S (9.2) witts® = 0. (The answer is no. And, the angle of nulldgsics in a-r plot varies wittr.)

2" Question/problem: In tortoise coordinates (M&W almeled equation at bottom of pg. 110 to (9.4)) dib geodesics
make 48 angles with thé andr* axes? Consider M&S (9.4) witls? = 0. (The answer is yes.)

3rd Question/problem: In the deformed Kruskal cowates (M&W (9.14) to (9.16) with Fig. 9.2), do hgeodesics
make 45 angles with the7 and y axes? Consider M&S (9.15) [our (25)] to see that constant ow = constant means
ds’ = 0. From M&S (9.16) one then sees that such eandines form 45angles with they and y axes. (So, the answer is
yes.)

9.1.3 Field quantization and Hawking radiation

The hard part of this chapter is behind us. Thenmaint of the chapter is made in this section tsparing Unruh
radiation (Chap. 8) to black holes (this Chap.®¥¢e how Hawking radiation comes out of parallathematics. This
can all be made simpler with the aid of Fig. 3,abhshould be fairly self-explanatory.

With Fig. 3 as a guide, note the following relaidrom Chap. 8 and Chap. 9.



u= —i gad v:%l & w=-8 we%+¢t M&W (8.25) for accelerating observer (27)
_a v
u=-2rse 29 v=2r,e” U= t-r*  v=t+r*  M&W (9.8) [our (13)] for black hole observer 8@

In the LHS of Fig. 3 the path of the acceleratedenber hast* fixed and the path in-v coordinates is found from
(27). In the RHS of Fig. 3 the path of the obserfiserd at a spot outside the black hole hafixed (which means is
fixed) and the path through spacetimelin coordinates is found from (28).

Thus, we can see a clear parallel between the malyses, where acceleratiann the first case is analogous tor}/2
in the second, as noted in the summary chart obdttem of M&W pg. 116. The quantity Xi@= « is called thesurface
gravity.

U, T _ IV
& -------- u —\0 . Ff
path of accelerated ~ EEEA  TEEEeT vV / path of observer
observer feels inertial ‘f __— constantr feels
force /. gravity force
v = 0 D £ ﬁ
= e . R
x SN
\
v \
\
. \
i Al : . \
y’— o = x\i
1/a
Accelerating observer in flat Observer fixed in space near black
spacetime in Minkowski hole spacetime in Kruskal-
coordinates Szekeres coordinates

Figure 3. Comparing Accelerating Observer in Flat Space to Fixed Observer Near Black Hole

Expressing the Comparison in Termg,a&fandT,R

(27) and (28) are expressed in terms of lightcaymdinatesu,v in the two systems. Expressing them, instead, in
terms oft,x andT,R coordinates can be insightful.

For the accelerated framé’ éan(tl are timelike and spacelike coordinates for acatteg non-inertial observer)

tzieafl sinh&° X:—; & coshe? M&W (8.27) pg. 102 (29)

For the_black hole framé& @ndR are timelike and spacelike coordinates for statipmon-inertial observer)

From M&W (9.12) [our (18)], we have
T=YUu R=Y"Y. (30)

Substituting (28) into (30), we get

v e o N .

2y 2y 2, 2 r 2, B 2

T=2r (—e Ze 1= 2r, [—e © ] = dezrg L—e J= dezg sinh—21 t (31)
r




v _a thrE t _t )
or x x 2 L P, .
e v +e 9 e’v + e e+ o 1
R=2n| ———— |=21)| ——— =xe”| — - = =26 cosh—t. (32)

Comparing (31) and (32) to (29), a fixed posit{onor equivalently*) near a black hole corresponds to a fixed pasitio
in a constant acceleration system; and coorditiate t for the black hole (time measured by a standaodkcht
infinity), corresponds to coordinate tingd in the accelerating system (measured by a stdradlack in the accelerating

frame).

Thus, for the appropriate corresponding parametieescurve on the LHS of Fig. 3 is the same ascthee on the
RHS, each a function of its particular horizontadl aertical axis coordinates.

That comparison of (31) and (32) with (29) leadtheosame parallel we found framv coordinates, i.e.,

1

o =K thesurface gravityfor a black hole (33)
g

Note on the term “surface gravity”

Pretend the acceleration at the surface of a lflattkcan be determined by the Newtonian relation

a=r :G—';/I R Mz (in typical GR wheres = ). (34)
m r r

At the Schwarchild radius,=rg, which is the radius on the black hole surfaca,(84), we have, witM=r /2,

a=M_To _ 1 (35)

(35) is what we have been calling the surface graaind via this (Newtonian) analysis we can seg tiat may be
appropriate terminology.

It turns out that the acceleration at the Schwaldaiadius in a full general relativistic analydign out to be the
same as that of (35) from a simple Newtonian amalyge won’t go into that here, but the interesteaider can check out
https://en.wikipedia.org/wiki/Surface gravity

The rest of the chapter

The remainder of the chapter follows fairly dirgcttom the parallel between the two analyses aboivan
accelerating observer and an observer fixed outsidack hole.

A note on black hole area and entropy
Thegeneralized second law of thermodynamics

OSotal =90 Snattert 0 5120,  (M&W pg. 122 unlabeled equation) (36)

or, in other words,

S So, &N
(37) must also be true for two black holes mergireg,
Sherged® SeH1t SgH:- (38)
But if black hole entropy is proportional to blautle area, as in
Sen :% A LHS of M&W (9.32), (39)

then (38) must mean
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Anerged= AgHit ABH:- (40)
Proof of (40)
To prove (40), note
2
ABHl = 47'[1’921 = 47-[( 2M1) = 167Mf ABH2 = 16TM22 Amerged= 1M 2mergea (41)
M merged=M 1t M .. (42)
So,
2
Anergea=167(M 1+ M )° =167M%+ 161M 3+ 32IM M = A gt A gug 3ZM M (43)
2 Agp1+ Pez -
End of proof
Appendix (for these notes, not of M& S Chap. 9)
Note that in a gravitational field, for a partide(rest) massn,
invariant n? = g, o' f . (44)
If the gravitational field is a Schwarzchild fielthen from
2
dg =(1-ﬂ) de - erM - (% + @ sirf9) M&W (9.1), pg. 110,  (45)
r
1--—
r
and we have (2D part only with other dimensiongsegsed),
1-2M
r
O = 1 Schwarzchild metric in 2I. (46)
LM

r

From (45), at a fixed locatior{ = d&=dg=0),

ds=dr = /1—ﬂ dt. (47)
r

Thus,
dt 1 1
p/f = mlfl = dr = 1—27M - d = 1—27M , (48)
i r r
dr 0 0

and plugging (48) and (46) into (44) proves (44).

Now consider the stress-energy tensor in a Schwaiodld for mass at rest (whegeis rest mass-energy density)

10
T =puU =p 1 — mass-energy densityE°. (49)
1-2M10 o

Note T is positive outside the black hole horizon (Sctaehild radiug = rg = 2M), but negative inside.

The analysis is a bit more complicated if the géathas velocity, and even more complicated if ilaek hole is
rotating, but the final conclusion is similar (tlgbuthe line dividing negative and positive massrgne@ensity may shift
from the Schwarzchild radius.)



